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VI. A Letter from Mr. John Robertfon to 
the Prefident, containing an Explanation 
of the late Dr. HalleyV Demonstration of 
the Analogy of the Logarithmic Tangents 
to the Meridian Line, or Sum of the 
Secants. 

SIR, 

ftWN0v.22.Tfc yry Curiofity having lately led me 
1 75°- J^Vx to perufe feveral Books on the 
Art of Navigation, I was fomewhat furprifed not to 
find in any one of them a clear Explanation of that 
moft curious Paper in N° 219. of the Thilofophkal 
TranfaBions, written by the excellent Mathematician 
Dr. Halley 5 who, not intending to write for Begin- 
ners, as himfelf confefTes, has drawn his Conclu- 
fions in a manner, that fcems to ftand in need of 
an Explanation, for the Generality of Readers: And 
as the maritime People are not the beft acquainted 
with mathematical Knowledge, it might have been 
expe&ed, that fuch of the Writers on Navigation 
within the iaft fo Years, who have undertaken to 
demonftrate the feveral Parts of their Subject, would 
have removed the Difficulties in the Doctor's Paper, 
inftead of leaving them in the fame State in which 
they firft appeared. 

Dr. Halley, in this Trad, feems to have had two 
chief Points in View •, Firft, To prove, that the 
Divtfions of the Meridian Line in a Mercator's 
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Chart, were analogous to the logarithmic Tangents 
of the Half -Complements of 'the Latitudes. And, 
fecondiy, To find a Rule by "which the Tables of 
meridional Tarts might be computed from BriggsV, 
or ttic common logarithmic Tangents. The former 
of thcfe the Doctor hascleaily and elegancy proved: 
But he has given rather too few Steps to (hew as 
dearly the Inveftigatton of the latter. 

Indeed in many of the Treatifes on Fluxions, it is 
fhewn how to inveftigarc a Rule to find the meri- 
dional Parts to any Latitude: But, to underftand 
thole Methods, requires fome Skill in algebraical 
and fluxionary Computations; neither of which are 
ncafiary in this Builnefs, by keeping to the Doctor's 
Principles, as will be evident from the following 
Articles; fome of which are already wtll known 5 
yet it was thought convenient to annex them 'to this 
Difcouffc, by 

Tour mofl humble Servant, 

John Robcrtfon. 



Article I. If the Circumference of a Circle be di- 
vided into any Number of equal Parts by as many 
Radii, and a L ne be drawn fom the Circumfe- 
rence cutting thofe Radii, fo that their Tarts in- 
tercepted between this Line and the Centre be 
in a continued decreafmg geometric ProgreJJioni 
then will that inter feeling Line be a Curve, 
called the proportional Spiral, and will interfecJ 
thofe Radii at equal Angles. 

This 
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This will be evident, by funpoiing the Rad:i f" 
near to one another, thai the intercepted Pa:ts of 
the Spiral may be taken as right Lines : For then 
there will be a Series of fimilar Triangles, each hav- 
ing an equal Angle at the Centre, and the Sites about 
thofe Angles proportional. 

Art. II. Tkefame things (lillfuppofed, the Tarts 
of the Circumference of the Circle, reckoned from 
any one Toint, may be taken as the Logarithms 
of the Ratio's between the correfponding Rays of 
the Sj<i al. 

For thofe Rays arc a Scries of Terms in a conti- 
nued geometric Progreflion 5 and the Parts of the 
Circumference form a Series of Terms in arithme- 
tic Progreflion. Now the Terms of the arithmetic 
Series being taken as the Exponents of the corrc- 
fponding Terms in the geometric Series, there will 
be the fame Relation between each geometric Term 
and its Correlative, as between Numbers and their 
Logarithms. And hence the proportional Spiral is 
aifo called the logarithmic Spiral. 

Att. III. That proportional Spiral, "H'hich interfeffs 
its Radii at singles of 45- 'Degrees, produces Lo- 
garithms that are <?/' Napier' j Kind. 
For, if the Difference between the iirft and fecond 
Terms in the geometric Series was indefinitely fmall, 
and the riift Div.fion cf the Circumference was of 
the fame Magnitude; then may that Pan of the Spi- 
ral, intercepted between the firft and fecond Radii, 
be taken as the Diagonal of a Square, two of whole 
Sides are Parts of thofe Radii: Therefore the Spiral 

which 



[ 562 ] 

which cuts its Rays at Angles of 4f Degrees, has 
a kind of Logarithms belonging to it, fo related to 
their correfponding Numbers, that the fmalleft Va- 
riation between the firft and fecond Terms in the 
geometric Series, is equal to the Logarithm of the 
fecond Term, a Cypher being taken for the Loga- 
rithm of the firth But of this kind are the hyper- 
bolical Logarithms, or thofe firft made by their 
Inventor the Lord Napier: Confequently the Loga- 
rithms to that Spiral which cuts its Rays at Angles 
of 4f Degrees, are of the Napierian Kind. 

Art. IV. The Rhumb-Lines on the Globe are ana- 
logous to the logarithmic Spiral. 
For every oblique Rhumb cuts the Meridian at 
equal Angles: And it is a Property in itereographic 
Projections, that the Lines therein interfering one 
another, form Angles equal to thofe which they re- 
prcfent on the Sphere. Therefore a Projection of the 
Sphere being made on the Plane of the Equator, 
the Meridians will become the Radii of the Equator, 
and the Rhumbs interfering them .it equal Angles, 
will become the proportional Spiral. 

Hence, the Arcs of the Equator, or the Differences 
of Longitude reckoned from the fame Meridian, 
are as the Logarithms of thofe Parts of the corre- 
fponding Meridians, intercepted between the Centre 
and Rhumb-Line. 

Art. V. A Sea Chart being confirucJed-, therein 
the Meridians are para lU I to one another, and 
the Lengths of the 'Degrees of Latitude increafe 
in the fame Proportion as the meridional Di~ 

fiances 
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fiances decre&fe on the Globes ', will conftitute a 
Mercators Chart -, wherein, befides the Tojitions 
of Places having the fame 'Proportions to- one 
another as on the Globes, the rhumb Lines will 
be reprefented by right Lines. 
For none but right Lines can cut at equal Angles 
feveral parallel right Lines. 

Art. VI. The Divifions of the Meridian Line en 
a Mercator's Chart*, are the fame as a Table of 
the 'Differences of Longitude anfwering to each 
Minute, or f mall Difference of Latitude on the 
rhumb Line making Angles of 4.$ Degrees with 
the Meridians. 

For, in fuch a Chart, the Parallels of Latitude < arc 
equal to the Equator, and are at right Angles to the 
Meridians: And therefore a Rhumb of 4y Degrees 
cuts the Meridians and Parallels of Latitudes at equal 
Angles ; confjquently between the- Interfc&ion of 
any Meridian and Parallel, and a Rhumb cutting 
them at 47 Degrees, there murr, be equal Parts of 
the Meridian and Parallel intercepted : Now, on the 
Equator, or Parallels of Latitude, arc reckoned all 
the fucceilivc Differences of Longitudes, and on the 
Meridians the fucceifive meridional Differences of La- 
titudes, or the Divifions of the nautical Meridian ,- 
Therefore on the Rhumb of 47 Degrees, the fucceflivc 
Differences of Longitude are equal to the correfpond- 
ing Divifions of the nautical Meridian. 

Art. VII. The Tangents of the Angles which dif- 
ferent Rhumbs make with the Meridians, are di- 
retlly proportional to the Differences of Longi' 
C c c c ~ tttdes 
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tudes made on thofe Rhumbs, when the meridi- 
onal Differences of Latitudes are equal '-, or> are 
reciprocally proportional to unequal meridional 
'Differences of Latitudes on thofe Rhumbs^ when 
the Differences of Longitudes are equal. 

For the meridional Difference of Latitude, is to 
the Difference of Longitude; as Radius is to the Tan- 
gent of the Angle .of the Courfe, or of the Angle 
which v th"e Rhum-b makes with the Meridian. There- 
fore, when the meridional Differences of Latitudes 
are equal, the Differences of Longitudes are as the 
Tangents of the Gourfes : But, when the Differences 
of Longitudes "bit equal., the- meridional Differences 
cf Latitudes are reciprocally as the Tangents of the 
Gourfes. 

Art. VIII. The logarithmic Tangents of the Half- 
Complements of the Latitudes, are analogous to 
the lengthened Degrees in the nautical Meridian 
Line, in a Mercator's Chart. 

For, in the ftereographic Projection of the Sphere 
©n the Plane of the Equator, the Latitudes of Places 
are projected by the Half-Tangents of the Comple- 
ments of thofe Latitudes, which Half- Tangents are the 
Rays of a proportional Spiral: Now, if a Series of 
fucceffive Latitudes be taken on any Rhumb, the 
correfponding Differences of Longitudes will be Lo- 
garithms to the Rays of the Spiral, or to the Tangents 
of the Half-Complements of thofe Latitudes : There- 
fore the Differences of Longitudes arc as the logar 
firhmic Tangents of the Half-Gomplemenrs of the La- 
titudes ; But'p/rj. VI.) the lengthened Degrees on the 

nautical 
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nautical Meridian are as the Differences of Longitudes 
on the Rhumb of 47 Degrees j confequently the 
logarithmic Tangents of the Half-Complements of 
Latitudes are as the lengthened Degrees on the nau- 
tical Meridian. 

Corel. 1. When the Angle between the rhumb 
Line and the Meridian is equal to 45 Degrees, then 
the Longitudes of Places on that Rhumb are exprefled 
by Logarithms of Napier's Kind ; whole correfpond- 
ing Numbers are natural Tangents of the Half- 
Complements of the Latitudes to Arcs exprefled in 
Parts of the Radius. 

Coral. 2. Hence, to any two Places dn : a Rhumb 
of 4f Degrees, the Difference of Longitude, or the 
meridional Difference of Latitude, is equal to the 
Difference of the Napierian logarithmic Tangents 
of the Half-Complements of the- Latitudes of thofc 
Place's, eftimated in Parts of the Radius. 

Carol. 3. As there may be an indefinite Variety 
of Rhumbs, and therefore as many different Kinds 
of Logarithms,; confequently every Species of Loga* 
rithms has its peculiar Rhumb, diftinguithablf; by 
the Angle it makes with the Meridian-: Therefore* 
among thefc there are two Kinds, whereto the Dif- 
ferences of Longitudes are the Differences of the 
logarithmic Tangents of the Half-Complements of 
Latitudes, eftimated in Minutes of a Degree s one of 
them belonging to Napier's Form of logarithmic 
Tangents, and the other to Briggs% or-the common 
logarithmic Tangents. 

Art. IX. The common logarithmic Tangents are a. 

Table' of the ^Differences of Liongituaer, to every' 

C c c c » """ Minute 
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Minute- of Latitude, on the rhumb Line making 

singles ivith the Meridians of 51° 3,8' 9". 

For, let z rcprclent the meridional Difference of 
Latitude between two Places on the Rhumb of 45 
Degrees ; or its Equal, the Difference between the 
logarithmic Tangents of the Half-Complements of 
the Latitudes of thofe Places, eftimared either in 
Parts of the Radius, or in Minutes of a Degree. 
Then, 
As the, Circumference in Parts of the Radius 

=' 61 83 1, 853 6-c. 
To the Circumference in Minutes of a Degree 

S&fc a meridional Difference of Latitude in Parts of 

$L$,Radius = «. 
T# a. meridional Difference of Latitude in Minutes 
' o'fia Degree, =s 0,34377468 &c. x z. 

Whofc correfponding Rhumb is different from 
that \$rich z belonged to? and the Angle which 
tju> Rhumb makes with the Meridian, will be found 
by the following Analogy from Art. 7. 

M fhe meridional Difference of Latitude on one 
/Rhumb = 0,34,377468 &c. z. 
'To the meridional Difference of Latitude on a Rhumb 

of 4f Degrees, =z. 
So is the natural Tangent of the Rhumb of 45* 

Degrees, =10000. 
To the natural Tangent of the other Rhumb, 

as 39088,82-1, <*rr* 

Which Tangent anfwers to 71 ° 1' 42"; and this 
is the Angle that the rhumb Line makes with the 
Meridians* od which the Differences of the logarithmic 
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Tangents of the Half-Complements of the Latitudes, 
in Napier's Form, are the true Differences of Lon- 
gitudes eftimated in fexagefimal Parts of a Degree. 

Now Napier's Logarithms being to Briggs's as 
2,302,58 &c. is to 1. 

Therefore, 2,30258 &c. : 1:: 29088,821 &c. 
: 12633,114 &c. ; which is the Tangent of fi Q . 
38' 9"; and in this Angle are the Meridians inter- 
fered by that Rhumb, on which the Differences of 
Brigs's logarithmic Tangents of the Half-Comple- 
ments of the Latitude?, are the true Differences of 
Longitudes correlponding to thofe Latitudes. 

Art. X. The 'Difference between Briggs'j loga- 
rithmic Tangents of the Half -Complements of 
the Latitudes of any two Places, to the meri- 
dional 'Difference of Latitude in Minutes between 
thofe T 'laces ; is in the conftant Ratio of 1263,3 
&c. to 1 s or of 1 to 0,00075)1 5704, ire. 

For Briggs's logarithmic Tangents are as the Dif- 
ferences of Longitudes on the Rhumb (A) of y 18 
38' 9"$ whofe natural Tangent is 1263,3 &c. 

The nautical Meridian is a Scale of Longitudes on 
the Rhumb {B) of 45 Degrees, by Art. VI. whofe 
Tangent being equal to the Radius, may be cx- 
preffed by Unity. And the Differences of Longitude 
to equal Differences of Latitudes on different Rhumbs, 
being to each other as the Tangents of the Angles 
thofe Rhumbs make with the Meridians. Therefore, 

As the Tangent of A (51° 38^ 9") — 1,2633, 6-c. 
To the Tangent of B (45*) = 1,0000 } 

So 
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So is the Difference of Longitudes on ji, or the 
Difference between the logarithmic Tangents of 
the Half Co-latitudes of two Places 
To the Difference of Longitudes on B, or the me- 
ridional Difference of Latirudes of thofe Places. 
And hence arife the Rules which are given in nau- 
tical Works, for finding the meridional Parts by a 
Table of common logarithmic Tangents. 

This curious Difcovery of Dr. Ha'//efs, joined to 
that excellent Thought of his, of delineating the Lines, 
fhewing the Variation of the Compaft, on the nautical 
Chart, are fome of the very few ufeful Additions 
made to the Art of Navigation within the laft ifo 
Years : For if, befide thefe, we except the Labours 
of that ingenious Artift Mr. Richard Norwood, who 
improved the Art by adding to it the Manner of 
failing in a Current, and by rinding the Meafureof 
a. Degree on a great Circle, the Theory of Naviga- 
tion will be found nearly in the fame Stare in which 
it was left by that eminent Mathematician Mr. 
Edward Wright s who, about the Year 1600, pub- 
lifhed the Principles on which the true nautical Art 
is founded 5 and (hewed, what does not appear to 
have been known before, how to eflimate a Ship's 
true Place at' Sea, as well in Longitude as in Lati- 
tude, by the Ufe of * Table of meridional Parts, 
firft made by himfelf, andconftru&ed by the con- 
ftant Addition of the Secants, and which differs al- 
moft irifenJG.bly from luch a Table. ma4c on.Dr.Htf/- 
left Principle's, contained in the. preceding. Articles. 
Iftiall conclude this-Difcourfe withanArticle,whicb, 
altho' it be fomewhat foreign to the preceding Sub- 
jeft* yet, as it was difcover'd while I was contem- 
plating 

I 
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remplating fome Part thereof, and perhaps is not 
exhibited in the fame View by others, it may not 
be improper to annex it in this Place : Which ,is to 
demonstrate this common logarithmic Property, that 
the Fluxion of a Number divided by that Number, 
is equal to the Fluxion of the Napierian Logarithm 
of that Nr mber. 

Let B EG be a loga- 
rirhmic Spiral, cutting its 
Rays at Angles of 45- De- 
grees: Then, if AE be 
taken as a Number, BC 
will br its Napierian or 
hypertciic Losiarirhm. 

Alfo, let CD cxprcft 
the Fluxion of the Loga- 
rithm BC; and the cot- 
reiponding Fluxion of the 
Number AE, will be re- 
pr. fented by FG, or its 
Equal FE\ as the Angles 
FEG and FGE are equal. 

Now, AC: CD:: AE:(EF=z) FG. 

FG 

Therefore CD = -^ * AB. 
AE 

And if AB be taken as the Unit or Term 1 from 
whence the Numbers begin : 
VC 
Then CD = ~g. & e, 4. 
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